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Abstract. We construct the free energy associated with the wa-
terbag model of dToda. Also, the relations of conserved densities
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1. Introduction












= {Bˆn(p), λˆ}, n = 1, 2, 3, · · ·(1)
where the Lax operators λ and λˆ are













n]≥0, Bˆn(p) = [λˆ
−n]≤−1.
Here [· · · ]≥0 and [· · · ]≤−1 denotes the non-negative part and negative
part of λn and λˆ−n respectively when expressed in the Laurent series
of ep. For example,
B1(p) = e




Finally, the Poisson Bracket in (1) is











One can view λ is a local coordinate near ”∞” and λˆ as a local
coordinate near ”0” [6]
According to dToda theory [8], there exist wave functions S, Sˆ and

















































































































, m ≥ 1(3)
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are the conserved densities of dToda hierarchy, where p = ln ξ. Then

























λ, λˆ being fixed. The systems (4) are of the conservational laws for the
dToda hierarchy.
From (2),one knows that
B1(p) = e
p + u1 = e





Then from (4), one has
ptˆ1 = ∂t0 [e
∂2t0t0
F e−p], pt1 = ∂t0 [e
p + ∂2t0t1F ].







It is the dToda equation.
This paper is organized as follows. In the next section, we construct
the waterbag model of dToda type from the Hirota equation. Section
3 is devoted to finding the free energy associated with the waterbag
model from the Landau-Ginsburg formulation in topological field the-
ory. Also, the equations for conserverd densities are obtained. In the
final section, one discusses some problems to be investigated.
2. Dispersionless Hirota Equation and Symmetry
Constraints
The dToda hierarchy (1)(or (4)) is equivalent to the dispersionless
Hirota equation [2]:
Dµp(λ) = −∂t0 ln[e
p(λ) − ep(µ)], Dˆµˆp(λ) = −∂t0 ln[1− e
p(µˆ)−p(λ)]
Dµp(λˆ) = −∂t0 ln[1− e















We can also express them in terms of the S-function
DµS(λ) = − ln[
ep(λ) − ep(µ)
µ
], DˆµˆS(λ) = − ln[1− e
p(µˆ)−p(λ)]
DµSˆ(λˆ) = − ln[1− e




Next, we consider the symmetry constraints [1].
• Case(I): Ft0 =
∑N
i=1 ǫiSi, where Si = S(λi).
Then near ”∞” we have by (5)
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The evolutions for t1 and tˆ1 are
∂t1h
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Hence the Lax operator is
λm = emp + um−1e
(m−1)p + um−2e




































−(m−2)p + · · ·(9)
+ uˆ1e







3. Residue formula and free energy
In this section, we compute the free energy associated with the wa-
terbag model of case (I) in last section, i.e., (6). Also, the relations of
conserved densities are investigated.






satisfy the following conditions.
• The matrix ηij = c1ij is constant and non-degenerate. This
together with the inverse matrix ηij are used to raise and lower
indices.
• The functions cijk = η
ircrjk define an associative commutative
algebra with a unity element(Frobenius algebra).













These equations constitute the Witten-Dijkgraaf-Verlinde-Verlinde (or
WDVV) equations. The geometrical setting in which to understand
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the free energy F(t) is the Frobenius manifold [4]. One way to con-
struct such manifold is derived via Landau-Ginzburg formalism as the
structure on the parameter space M of the appropriate form
λ = λ(p; t1, t2, · · · , tn).
The Frobenius structure is given by the flat metric

















defines a totally symmetric (3, 0)-tensor cijk.
Geometrically, a solution of WDVV equation defines a multiplication
◦ : TM × TM −→ TM
of vector fields on the parameter space M , i.e,
∂tα ◦ ∂tβ = c
γ
αβ(t)∂tγ .
From cγαβ(t), one can construct intrgable hierarchies whose correspond-











where l ≥ 1, α = 1, 2, · · · , n, and ψ0α = ηαǫt
ǫ. The integrability con-
ditions for this systems are automatically satisfied when the ckij are
defined as above.
In the following theorem, one uses lnλ to replace λ, which is the
dual Frobenius manifold associated with λ [5, 7].
Theorem 3.1. Let the Lax operator be defined in (6).Then
(I) η(∂hi, ∂hj ) = ηij = −ǫiǫj , i 6= j
(II) η(∂hi, ∂hi) = ηii = −ǫ
2
i + ǫi
(III) c(∂hi, ∂hj , ∂hk) = cijk = ǫiǫjǫk, i 6= j 6= k





], i 6= k
(V ) c(∂hi, ∂hi , ∂hi) = ciii = ǫ
3
































In the following proofs, we use the formula (13) and the fact that the




















































ξ(ξ − ehi)(ξ − ehk)
∏N
k=1(ξ − ωk)











































































= ǫiǫjǫk, i 6= j 6= k.
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(IV)






















































































































. Then we can verify directly that
(14) η(∂hi , ∂hj) = c(∂hi , ∂hj ,Ω) =
N∑
k=1
c(∂hi , ∂hj , ∂hk).
Also, from the Theorem, it’s not difficult to check directly the compat-
ibility (or Egorov’s condition)
∂hiclmn = ∂hlcimn, i, l, m, n = 1 · · ·N.
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is the poly-logarithmic function. Morever,




We remark that the free energy (15) is invariant under any permu-



































i , then one has









−φi, i = j,
0, i 6= j.
From (14), one knows that Ω is the unit element of the associative
algebra (17).
Now, we have the following
Theorem 3.2. Let H+n and H
−
n be the conserved densities defined in


























































































































, n ≥ 1.
(II) The calculation is similar. 
4. Concluding remarks
We find the free energy associated with the waterbag model (6) us-
ing the Landau-Ginsburg formulation. From the free energy, one can
establish the equations for the conserved densities H+n and H
−
n . When
comparing the watebag model of dKP [3], one can’t construct the re-
cursive operator of H+n or H
−
n from Theorem 3.2. Therefore, the bi-
Hamiltonian structure of (7) is still unknown. On the other hand, we
can construct the integrable hierarchy via (12) and (16); however, it
won’t be the dToda hierarchy. Finally, finding the free energies associ-
ated with (8) and (9) is also very interesting.
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